In this short note we will revisit the large N solution of CP N sigma model on a finite interval of length L. We will find a family of boundary conditions for which the large N saddle point can be found analytically. For a certain choice of the boundary conditions the theory has only one phase for all values of L. Also, we will provide an example when there are two phases: for large L there is a standard phase with an unbroken U(1) gauge symmetry and for small L there is Higgs phase with a broken gauge symmetry.
Introduction
Two dimensional CP N sigma model in the large N limit was first solved in [1] and [2] . The theory exhibits a plethora of non-trivial properties: asymptotic freedom, confinement and dynamical scale Λ generation via the dimensional transmutation:
where g is the coupling constant. Physically, 2D CP N model naturally arises as a low-energy effective action of nonAbelian strings in QCD-like models, see [3] for a review. Therefore, a finite interval geometry corresponds to a string stretched between two branes or a monopole-antimonopole pair. Such configuration was studied in [4] .
Recently CP N sigma model on a finite interval of length L with Dirichlet boundary conditions(BC) was investigated in [5] and [6] using large N expansion. In the earlier work [5] the large N saddle point equations were solved only approximately and two distinct phases were found. In [6] saddle-point equations were solved numerically and it was argued that there is only one phase. In this paper we will find a set boundary email: milekhin@princeton.edu conditions for which the saddle point equations can be solved analytically. Strictly speaking, we will study CP 2N +1 sigma model. We will consider two different boundary conditions:
• Mixed Dirichlet-Neumann(D-N) boundary conditions which will break global SU(2N + 1) to SU(N) × SU(N). We will show that the system has at least two phases: for L > π/4Λ there is a standard "Coulomb" phase with an unbroken U(1) gauge symmetry. This phase takes place for the CP N model on usual R 2 . For L < π/4Λ there is "Higgs" phase with broken U(1). Global SU(N) × SU(N) stays unbroken in both phases.
• Dirichlet-Dirichlet and Neumann-Neumann(D-D and N-N) boundary conditions which will break SU(2N + 1) to SU(N) × SU(N + 1). In this case, for all values of L there is a standard phase with an unbroken U(1) gauge symmetry. Higgs phase is prohibited in this case, because it will break global SU(N)
In case of simple Dirichlet boundary conditions studied in [5, 6] , Higgs phase does not break any global symmetries, so we expect that the system will have two phases as was predicted in [5] . Let us note that the large N CP N model on a cylinder also possesses multiple phases [7] .
Generalized saddle point equations
Let us study CP 2N +1 model in the large N limit. The field content consists of 2N + 1 fields n i , i = 0, . . . , 2N, real vector field A µ and real scalar λ. In the Euclidian space the Lagrangian reads as:
where
Non-dynamical Lagrangian multipliers A µ and λ forces n i to lie on CP 2N +1 space: integration over λ yields i n * i n i = r and A µ is responsible for U(1) invariance n i ∼ e iφ n i .
We will proceed in a standard fashion: we will integrate out 2N fields n i , i = 1, . . . , 2N fields and then find the large N saddle point values of λ, A µ and the remaining n 0 which we will denote by σ = n 0 . After integrating out 2N n i , fields we have:
So far we do not have a factor of 2N in front of the determinant because we will impose different boundary conditions for these 2N fields.
We will study this model on a finite interval of length L with various boundary conditions. Note that the translational symmetry in x direction is explicitly broken. However, we still have the time translations so we will consider only time translation invariant saddle points. By the choice of gauge we can always set A t = 0. This allows us to rewrite eq. (3) as:
Note that we have already integrated out time frequencies, so we have energies E n instead of of the usual log det. The sum over n is the sum over the eigenvalues E 2 n of the following equation:
ψ n are required to be normalized. Varying effective action (4) with respect to λ we get the first saddle point equation:
To obtain this equation we have used the standard quantum mechanical first order perturbation theory for (5).
The second saddle-point equation coincides with the σ equation of motion:
Finally, we have to vary with respect to A x :
Below we will study the case A x = 0 with real ψ n and σ and so this equation will be trivially satisfied.
D-N boundary conditions: two phases
Now it is time to choose boundary conditions. Let us consider the following: For N fields n i , i = 1, . . . , N we will use Dirichlet-Neumann (D-N):
And for N fields n i , i = N + 1, . . . , 2N we will use Neumann-Dirichlet(N-D):
And for σ we will impose Neumann-Neumann(N-N):
This choice breaks global SU(2N + 1) to SU(N) × SU(N). Then in the D-N sector we have:
In the N-D sector:
If we plug this into the first saddle point equation (6) we will notice that sin 2 and cos 2 will sum up to 1 and the x-dependence will disappear! So we can consider σ to be constant. Let us first study the phase with non-zero λ. From the second saddle-point equation (7) we see that we have to put σ = 0. We will call this phase "Coulomb" phase because n i has zero VEV which leaves the U(1) unbroken. The first saddle-point equation now reads as:
We need to separate the divergent part:
Introducing the cut-off:
Renormalizing r using eq. (1) we will have:
Now it is easy to see the presence of two phases: the maximum of the LHS is reached when λ = 0, the corresponding value is
It means that if log(π/ΛL) > log(4) the saddle-point equations do not have a solution with non-zero λ. Let consider the limit L → 0. We can expand the LHS in power series in λL:
Using the following identity:
we have:
We see that the Coulomb phase does not exist for L < π/4Λ. Let us now show that the "Higgs" phase σ = const, λ = 0 exists only for L < π/4Λ. We call this phase "Higgs" because non-zero σ breaks U(1) gauge symmetry. In this case the second saddle-point equation is satisfied. The first one reads as:
Again using eq. (20) we have: 
And for N-N:
Note that now we can have n = 0 which corresponds to a constant mode. Note that if λ = 0 we have a genuine zero mode. It means that the phase with λ = 0 can not exist for this choice of boundary conditions. In the saddle-point equations cos 2 and sin 2 again sum to 1, so we can have a saddle-point with constant σ and λ. From now on, we will assume that λ = const = 0. Then from the second saddle-point equation it follows that σ = 0. The first saddle-point equation now reads as:
After r renormalization we have:
Unlike the D-N and N-D case now the LHS is not bounded from above because of the N λL term, which is essentially the contribution from the N-N constant mode. It easy to show that for a fixed Λ and L we can always find the corresponding value of λ(for example one can plot the LHS as a function of λ and see that it takes values from −∞ to +∞).
Conclusion
In this paper we studied the large N CP N model on a finite interval. We have shown that for a specific choice of boundary conditions the saddle-point equations admit a simple analytical solution. Under the Dirichlet-Dirichlet and Neumann-Neumann boundary condition the system possesses a Coulomb phase with the uniform λ VEV, usual for the CP N in the infinite space. This phase exists for all values of the interval length L. However, under the mixed Dirichlet-Neumann boundary conditions the system has two phases: Coulomb phase which exists for L > π/4Λ and unusual Higgs phase for L < π/4Λ with the uniform n 0 VEV. Strictly speaking, it is possible to have additional phases with non-constant VEVs, similar to the FFLO [8, 9] phase in superconductivity. It is even possible that the Coulomb and Higgs phases in the N-D case are not adjacent on the phase diagram because of the presence of additional phases. We will postpone this analysis for future work.
